Introduction
"Why did my brother get more candy than I did?" "Why did I get fewer Christmas presents than my friend?" Children have an intuitive understanding of quantity. Even before formal schooling and learning to count, they can successfully estimate magnitudes. In humans, the concept of quantity is already developed at a pre-verbal stage. In a classical study, Karen Wynn [1] showed that infants are born with rudimentary arithmetic skills and that they understand that, e.g., one puppet and another puppet necessarily equal two puppets. Another example for the understanding of magnitudes independently of language can be found in an Amazonian tribe in Brazil. The Pirahã only count to "two. " Any quantity larger than this is referred to using "many. " Despite this limitation in vocabulary, members of this tribe can approximate even large magnitudes, as the psychologist Peter Gordon was able to demonstrate [2] .
There are also many examples for the understanding of quantity in the animal kingdom. Female lions estimate the number of conspecifics in a rivaling group by their roaring. This measure determines whether the lions defend their territory or retreat-usually, the larger group wins. As Karen McComb [3] observed in the Serengeti National Park in Tanzania, the lions were surprisingly precise at determining the size of the invader's group.
Neurobiologists are presently investigating where and how the brain represents absolute discrete quantity (e.g., a number of dots) and absolute continuous magnitude (e.g., the length of a line). However, whereas simple quantification or enumeration (counting) is necessary, it is often not sufficient to govern behavioral decisions. We frequently need to explicitly relate two quantities to generate a more complex and comprehensive measure of magnitude: a proportion.
On an elementary level, we are now beginning to understand how the brain encodes number and proportion. In this article, we review important studies investigating the representation of quantity in the primate brain. How is absolute magnitude processed by our brain? What are the similarities and differences regarding the representation of magnitude ratios (proportions)?
Neuronal representation of absolute magnitude
Where in the brain is our sense for numbers housed? As early as 1919, the Swedish physician Salomon Henschen [4] observed that patients with specific brain lesions could no longer work with numbers. He termed this disturbance "acalculia" (Greek a-for "not" and Latin calculare for "to calculate"). Depending on the location and extent of the lesions, his patients displayed very different symptoms. Some could only handle numbers up to four, whereas larger numbers had virtually vanished. Others had difficulties with subtraction and number comparisons, and yet another set of patients could no longer multiply. In acalculia patients, a brain region bridging the parietal and temporal lobe is often damaged. Lesions to the frontal cortex may also cause these symptoms. However, circumscribed damage to the cortex is not a prerequisite for impaired number skills. Approximately 5% of our population suffers from developmental disorders in counting and calculating. Dyscalculia (Greek dys-for bad) is just as serious a handicap in school and at work as disturbances in reading (dyslexia) and writing (dysgraphia).
What exactly happens in the brain when we use numbers? At the university of Tübingen, our laboratory has been studying this question for several years [5, 6] . Rhesus monkeys were trained on a task that required them to discriminate quantities. The animals were seated in front of a computer monitor where a number of dots were briefly shown (sample stimulus). An ensuing test stimulus contained either the same or a different number of dots (. Fig. 1a ). To receive a reward, the monkeys had to determine when the number (numerosity) of dots in the test stimulus matched the sample (delayed-match-to-sample protocol). The animals' behavior was characterized by psychophysical effects that are also found when humans count: the larger the numerical distance between two numbers, the easier it is to discriminate them. The behavioral curves therefore approximate normally distributed bell-shaped functions (. Fig. 2b ). This effect is known as the "numerical distance effect. " A second fundamental psychophysical observation was also made: the "numerical size effect. " At equal numerical distance, two dot patterns were more easily discriminated by the monkeys as their number de-creased. For example, they were better at telling two apart from three as opposed to five from six dots, although the numerical distance is one in both cases. The behavioral curves are thus narrower for smaller numbers and grow wider as the quantities increase (. Fig. 1b) . These effects are thought to arise because the estimation of magnitudes is based on an analog code: although numbers are discrete cardinalities, they are represented non-verbally in the brain as continuous magnitudes. However, this representation is non-symmetric (skewed) on an imaginary number line (. Fig. 1b) . Only when the curves are plotted on a logarithmic scale do they become symmetric (. Fig. 1c ). This means that, before they are counted, magnitudes are represented on a non-linear, logarithmically compressed number line in the brain. It is only when we receive formal schooling where we learn to count that a transformation occurs towards a linear scale.
While the animals were performing this task, we recorded the electrical activity of single neurons in the prefrontal cortex (PFC) and the intraparietal sulcus (IPS) using microelectrodes (. Fig. 2a ). Both the PFC and the IPS are association cortices, i.e., they receive strong incoming projections from lower-order sensory areas and play a central role in the processing of cognitively demanding information. Therefore, it was natural to search for the neuronal correlates of quantity in these regions at the apex of the processing hierarchy. Several neurons in both the PFC and IPS fired action potentials preferably when the animals were confronted with quantities. Interestingly, these cells were tuned to number. That is, they were more active when their "favorite" number was shown and gradually decreased their firing rate the greater the distance between the presented quantity and their preferred number was (. Fig. 1b, c) .
Specialized neurons for each presented quantity (one to five) were found. Subsequent studies demonstrated that larger quantities are represented in the same manner in the rhesus monkey brain [7] . These neurophysiological experiments directly addressed the neuronal basis for the previously discussed characteristic behavioral effects (distance and size effect): neurons operate by exactly the same code, which has also been termed labeled line code. When plotted as a function of the presented quantity, a single neuron's firing rate forms a bell-shaped curve peaking at the cell's "favorite" number. The discharge rate drops with increasing distance from the preferred number. The larger the preferred quantity is, the wider the tuning curves become (. Fig. 2d ). This firing pattern explains both the distance and the size effect. Just as in the behavioral experiments, the neuronal tuning curves are symmetric only when plotted on a logarithmic scale (. Fig. 2e ).
Are the human number sense and therefore our cultural accomplishments, such as mathematics, architecture, and art built on an old evolutionary system for estimating magnitudes? If so, the brains of monkeys and humans should process numerical information in the same way. There are now many studies that have investigated a multitude of numerical tasks in humans using neuroimaging techniques (such as functional magnetic resonance imaging, fMRI). A few years ago, the neuroscientist Stanislas Dehaene from the NeuroSpin Center near Paris compiled these results, including his own findings [8] . A very consistent picture emerged: no matter whether we are estimating magnitudes, consciously manipulating numbers, using number symbols or number words, solving mathematical equations, or are unaware of presented quantities, the posterior parietal and parts of the frontal lobe are always involved. In 1999, pioneering fMRI experiments found reproducible bilateral activity in the IPS and PFC of humans engaged in mental calculation tasks [9] . It was subsequently shown that ac- tive, conscious manipulation of numbers is not even necessary for the recruitment of the IPS, for example. This region is also involved when subjects passively view und merely fixate dot patterns [10] . The active brain regions in humans neuroanatomically correspond to the number-sensitive areas in the monkey brain and have evolved from a common ancestral structure. This means that the human and monkey areas are homologous. Originally, these regions were most likely devoted to the manipulation of magnitudes. Only much later, during the course of evolution of mankind, they were additionally recruited for the precise representation of numbers. It is for this that language is indispensable: only symbolic counting gives rise to exact calculation. In 2008, experiments performed in the laboratory of Lisa Feigenson [11] showed that there is an intimate relationship between our precise and approximate number systems: school children that estimated magnitudes precisely solved math problems much better than children that did not have such a well-developed system for number approximation. Intelligence and language tests had previously ruled out any general differences in cognitive functioning.
Neuronal representation of magnitude ratios
There can be no doubt that we encounter magnitude ratios as frequently as absolute quantities. For example, we will strongly consider the purchase of an interesting item for 50% of the original price, while an advertisement for a new job offering 50% of our current salary would hardly attract our attention. There are, however, fundamental conceptual differences between absolute numbers and proportions. As opposed to the natural number system, there is no direct successor to a specific magnitude ratio (as an answer to the question "Which is the next one?"). The interval between any two given magnitudes is infinitely divisible, and between any two ratios are an infinite number of other proportions. In school, learning about fractions starts around age eight. Already at these very early stages, substantial problems exist with this measure. Various authors have argued that young children's understanding of fractions is hampered by prior knowledge of whole numbers (socalled whole-number bias or intrusions). For example, 1:56 is regarded as smaller than 1:75 because 56 is smaller than 75. Similar problems continue into adulthood. It is possible that the difficulty in dealing with fractions lies in the fact that the whole-number numerator and denominator (acting as a reference) need to be merged to be able to name the new magnitude. An interesting question that has been addressed in psychophysical experiments is therefore whether the brain encodes fractions by components (componential model) or by their actual numerical value (analog, integral, or holistic model). It has now been shown that fractions can indeed be understood based on their true value [12] . University and community college students were asked to compare single-and multi-digit fractions to a reference fraction. The authors observed a strong distance effect for the actual numerical value and not for the individual numerator or denominator. However, if subjects were able to solve the task by comparing the numerators alone [13] , the distance effect for the whole fraction disappeared. Thus, the componential model may also hold depending on behavioral requirements and subjects' strategy.
Can an understanding of proportions be traced to the animal kingdom? To investigate this question, five chimpanzees were trained on a match-to-sample task [14] . The apes had to compare proportions specified with different items, e.g., a half-full glass of water matched half an apple. Remarkably, four animals failed, and only one chimpanzee that had received extensive (sign) language-like training prior to this task passed the test. Thus, does the understanding of magnitude ratios depend on the ability to verbalize proportions? In the only comparative study to date, both rhesus monkeys and human adults were tested on the same proportion discrimination task [15] . In a delayed match-to-sample protocol, nonsymbolic spatial proportions were presented in the form of two horizontal lines (. Fig. 3a) . The upper reference line and lower test line specified one of four proportions: 1:4, 2:4, 3:4, and 4:4. Stimulus presentation time was kept very short in order to prevent the human subjects from verbalizing the proportions. Despite the seemingly easy task, performance levels for humans were not perfect. Upon completion of their training, animals reached very similar peak performance levels to humans (. Fig. 3c ). Transfer trials with novel magnitudes demonstrated that the monkeys successfully generalized across proportions. Thus, symbolic labels are not required to derive quantity ratios. Interestingly, behavioral data from both animals and humans revealed the identical signature features of an analog magnitude Neuronal representation of number and proportion in the primate brain Abstract Number symbols have allowed humans to develop superior mathematical skills that are a hallmark of technologically advanced cultures. Findings in animal cognition, developmental psychology, and anthropology indicate that these numerical skills are rooted in nonlinguistic biological primitives. Recent studies in human and nonhuman primates using a broad range of methodologies provide evidence that numerical information is represented and processed by regions of the prefrontal and posterior parietal lobes, where single neurons are tuned to preferred absolute quantities. Until recently, data exploring ratios of quantities, as in proportions and fractions, were comparatively sparse. New data derived with complementary methods and from different model systems now shed light on the mechanisms of magnitude ratio representations. A coding scheme for proportions has emerged that is highly reminiscent of the representation of absolute number. The magnitude code is automatic, independent of language and the format of presentation. These findings suggest that the primate brain houses a phylogenetically old network for the representation of quantity that, during the course of human evolution, has been coopted to build our remarkable sense of number.
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As discussed in the previous section, many studies have investigated the brain's code for absolute number. However, no data had been collected concerning the neural representation of proportions. It remained elusive which cortical areas sustain the system for magnitude ratios and how the code is implemented by single neurons. We tackled this question by recording single-neuron activity in the IPS and PFC of rhesus monkeys trained to perform the match-to-sample task introduced above (. Fig. 3a ) [15, 16] . In PFC, about 30% of the neurons encoded one of the presented proportions. Neuronal activity was characterized by a peak firing rate for a specific proportion and decreased as the distance from this preferred proportion increased (. Fig. 2b, d) . In other words, single neurons were tuned to specific ratios. Thus, the labeled line code, which is frequently found for absolute magnitude, applies also to the representation of magnitude ratios. Discharge patterns of neurons in the inferior parietal cortex (area 7a) were very similar. However, the overall number of proportion selective neurons was significantly smaller (approximately 16% of all recorded cells from this region). An error trial analysis revealed that the single cell activity in both prefrontal and parietal cortices is essential to successfully solve the task. When the neuronal activity did not reach maximum levels but decreased to 80%, the monkeys made mistakes. This result suggests that the neural network including PFC and parietal cortex is required for the processing of proportions. Recording single-unit activity in PFC and parietal cortex simultaneously provided the opportunity to directly compare the respective contributions of these areas. Overall, neurons in the two regions shared many properties such as encoding strength and selectivity. There was also a tendency for parietal neurons to respond earlier than PFC neurons, meaning that information could be relayed to the PFC after processing in the parietal cortex. A similar result was previously reported for coding of discrete as well as continuous magnitude.
How are numbers, proportions, and fractions represented in the human brain? Human neuroimaging studies exploring the neural circuits involved in mental calculation have reported hemodynamic activity in a widespread network consisting of the inferior frontal gyrus, premotor cortex, presupplementary motor area, and the IPS. However, these data do not lend themselves to clear-cut conclusions about the representation of individual operands (e.g., fractions) because the mathematical operations studied are too complex and multi-layered.
Recent fMRI experiments have now started to close this gap [17, 18] . In a passive viewing task, human adults were asked to fixate a pattern of dots. They received no further instructions. Using an adaptation protocol (. Fig. 4a ), participants were habituated to a given numerosity (which was repeatedly presented) and then viewed abruptly deviating novel quantities. Blood-oxygenation-level dependent (BOLD) signal in the bilateral IPS and lateral PFC decreased during the adaptation period and recovered immediately ("rebound") when a novel, deviant number of dots was shown (. Fig. 4b,  c) . When the same experiment was repeated with proportions specified by the number of dots in two differently colored groups, the BOLD signal also significantly increased when the numerical distance between the adapted and deviant proportion increased (. Fig. 4d , e, [17] ). These results suggest that the same key regions that process absolute magnitude are also tuned to magnitude ratios, because each deviant proportion activates a different, non-adapted set of neurons, causing an increase in signal. The regions for absolute number (. Fig. 4b, c) overlapped strongly with the areas processing proportions (. Fig. 4d, e) . In both experiments, BOLD signal recovery was a function of the distance of the deviant from the adaptor stimulus (. Fig. 4c, e) , which implies that the human brain also houses neuron populations tuned to preferred numbers and proportions. This coding scheme generalizes over the exact visual display because the same results were obtained whether proportions were specified by dots or horizontal lines. A particularly striking example of notational invariance was given in a subsequent experiment, where the adaptor stimuli were fractions and the deviants fraction words (e.g. third, half) (. Fig. 2f ) [18] . The same characteristic BOLD rebound as a function of numerical distance was observed (. Fig. 4g ). Because identical features are found for absolute number [10] , we can conclude that the same analog magnitude code applies to proportions. The fact that participants were not instructed to perform a specific task hints at the possibility that the human brain is able to represent non-symbolic proportions in an automatic manner and need not intentionally construct magnitude ratios.
Concluding remarks
The neuronal code for magnitude ratios is now slowly beginning to unravel.
In this article, we have described experiments that help answer the question of how our brain represents absolute and relative magnitude (proportions). The data address two central points: first, how does the representation of proportions compare to its counterpart for absolute numbers, and second, in what way is the code shaped by specific task demands? Converging evidence is suggesting that the brain uses an analog, labeled-line code to represent the true numerical value of different classes of quantities. Its behavioral and neurophysiological signatures are present at all chronological ages, as well as in non-human primates. Single neurons in the prefrontal and parietal cortices are tuned to preferred magnitude ratios [15, 16] . Human neuroimaging experiments showed that magnitudes can be encoded by the brain automatically, even in the absence of a specific task [17, 18] . Proportions are represented bilaterally in the IPS and lateral PFC. Absolute quantity and quantity ratios are encoded in the same cortical regions (. Fig. 5 ). As classi- cal association cortices guiding intelligent behavior, the parietal and frontal lobes are late stages in the processing stream of lower-level sensory information. They are ideally suited to encode such sophisticated abstract measures as absolute and relative magnitudes.
The highlighted experiments are clearly only scratching the surface of the neural code for quantity. This review has focused on the representation of magnitudes. But how exactly are they processed? How do we calculate with quantities? Could anybody be a good mathematician? How are other numerical stimuli, such as natural frequencies, decimal fractions, or percentages encoded? In decision-making experiments, single neurons in the lateral intraparietal cortex increase their firing rate as a function of the likelihood increase of certain outcomes, that is, they signal the probability associated with that particular event [19] . We do not know whether .g., 16 ) without any specific instructions. If a brain region houses a population of neurons that are tuned to a specific number (illustrated by the Gaussian distributions below the dot patterns) and automatically detect numerical information, this detector population should increasingly habituate, i.e., lower its firing rate, with every stimulus repetition. In this example, neurons tuned to the quantity 16 (red Gaussian) should habituate while neurons tuned to other numbers should remain uninfluenced. The habituation or adaptation effect was read out by measuring the event-related fMRI signal in response to the presentation of single deviating quantities (illustrated by the blue Gaussian). This enabled measurement of the difference in activation between the adapted red and non-adapted blue tuning curve. b Transversal (left) and frontal (right) sections showing brain regions that are more active when the numerical distance between the adapted and the deviant quantity increases. These regions are located in the parietal (left) and frontal (right) cortex. c Subjects were adapted to the number 18. BOLD-signal rebound increased with increasing distance between the adaptor and deviant. The tuning curves are symmetric on a logarithmic scale. d Transversal (left) and frontal (right) sections showing brain regions that are more active when the numerical distance between the adapted and the deviant proportion increases. These regions are also located in the parietal (left) and frontal (right) cortex. e The BOLD signal increases in both regions as a function of the deviant proportion. f Example stimuli used in the adaptation experiment with fractions. Subjects were adapted to 1:6 (left), deviant stimuli were words (right). g BOLD-signal rebound in the IPS increased with increasing numerical distance between the adaptor and deviant fraction. In this region, the signal rebound does not depend on notation (note the identical signal for 1:6 and sixth) these neurons are embedded in the same magnitude and proportion networks as the cells described above, whether they are even the same cells, or whether they are part of very different routes of neural information flow. Whatever the case, given the behavioral relevance of all classes of magnitudes, there will be much to gain by fostering research in this exciting new field of numerical cognition. 
